After outlining some of the foundations for the application of regularized Newton iterations for the solution of the inverse obstacle scattering problem with full far eld data we report on the inverse problem with modi ed data such as limited-aperture observations, amplitude of the far eld, or backscattering data.
The inverse obstacle scattering problem with full far eld data
The basic two-dimensional obstacle scattering problem for time-harmonic waves is, given a wave number k > 0 and a plane wave u 
The complex-valued function u 1 , de ned on the unit circle := fx 2 IR 2 : jxj = 1g, is known as the far eld pattern of the scattered wave u s . Now, the classical inverse obstacle scattering problem with full far eld data is to determine the shape of the scatterer D from a knowledge of the far eld pattern u 1 for one incident plane wave with incident direction d and all observation directionsx 2 . For details on this inverse problem we refer to the monograph 1]. One way to solve the inverse scattering problem is to consider it as an ill-posed nonlinear operator equation and apply regularized Newton iterations. For a xed incident direction, the solution of (1){(3) de nes an operator F : @D 7 ! u 1 that maps the boundary @D of the scatterer D onto the far eld pattern u 1 . In terms of this operator, given a far eld pattern u 1 , the inverse problem consists in solving the equation F (@D) = u 1 (5) for the unknown boundary @D. This equation is nonlinear, since the solution of (1){(3) depends nonlinearly on the boundary @D. Because the far eld pattern u 1 is an analytic function, equation (5) is severely ill-posed. Both for theoretical investigations and for approximate solutions of equation (5) some parametrization of the boundary curve is needed. For simplicity, here we con ne ourselves to starlike scatterers. We set e(t) := (cos t; sin t) T and parametrize @D = fr(t)e(t) : t 2 0; 2 ]g with some positive 2 -periodic function r. Then we can view F as a nonlinear operator from C 2 + 0; 2 ] into L 2 ( ), where C 2 + 0; 2 ] denotes the cone of twice continuously di erentiable positive 2 -periodic functions. We also will write F (r) instead of F (@D). The choice of the image space L 2 ( ) is dictated by its suitability to describe errors in the measured far eld data. The following three theorems may be viewed as the theoretical foundation of iterative methods for the solution of (5) . They describe injectivity of F , di erentiability of F , and injectivity of the linearization of F . For their proofs and a corresponding bibliography we refer to 1].
T h e o r e m 1. The operator F : C 2 T h e o r e m 2. The far eld operator F : C 2 For an approximate solution via Newton's method the nonlinear equation (5) is replaced by the linearized equation
(r; h) = u 1 (7) that has to be solved for h in order to improve an approximate boundary with radial function r into a new approximation with radial function r +h. In the usual fashion, Newton's method consists in iterating the linearization. Since the linear equation (7) inherits the ill-posedness from (5), regularization techniques such as Tikhonov regularization have to be incorporated and lead to so-called regularized Newton methods. For their theoretical foundation for the iterative solution of general ill-posed nonlinear operator equations we refer to 3]. More recently, the convergence and the design of stopping rules for such regularized Newton iterations have been investigated by a number of authors (among others see 2] and the references therein) and this topic also has been addressed within the present minisymposium. Unfortunately, so far it has not been possible to apply the general convergence results to the particular case of the inverse obstacle scattering problem, i.e., the convergence analysis for the Newton iterations for the inverse obstacle scattering problem remains an open problem. However, some preliminary results were obtained by Hohage 4, 5] . For details on the implementation of regularized Newton iterations for the inverse obstacle scattering problem we refer to Kirsch 6, 7] and Kress 8, 9, 10] . The existing numerical examples provide evidence for the practicality of the regularized Newton method in inverse obstacle scattering. However further research is needed to improve on the e ciency.
The inverse obstacle scattering problem with reduced far eld data
In this section we consider reconstructions of the scatterer when the far eld pattern is only partially known. Firstly, we consider the limited-aperture problem, i.e., the far eld pattern for a single incident direction d is known only for observation directionsx 2 , where is some open subset . Here, the far eld operator F : @D ! u 1 has to be interpreted as an operator
(8) Theorems 1{3 remain valid for the form (8) of the far eld operator F (with obvious modi cations in their formulation). In particular, the uniqueness results of Theorems 1 and 3 remain valid, since the far eld pattern is an analytic function of the observation direction. Hence regularized Newton iterations can also be applied in the limited-aperture case. However, we expect some in uence of the reduced data on the quality of the reconstructions and on the degree of ill-posedness. In an implementation similar to the one in 8,9,10], Lendecke 14] has carried out some numerical experiments with the following conclusions (for situations where the wavelengths is approximately equal to the diameter of the obstacle). The quality of the reconstructions as compared to the full-aperture does not change much when the aperture is larger than . For smaller apertures the reconstructions of the boundary curve start to deteriorate for directions not contained in the observation range . Lendecke's results on reconstructions for limited-apertures are in agreement with earlier ndings by Zinn 15] based on a di erent numerical method. (10) for N = 16. The wave number is k = The second inverse problem, which we want to brie y consider in this section, is to recover the shape of the scatterer D from the amplitude of the far eld pattern only. Reconstructions from amplitude data seem to be of some practical interest in cases where the amplitude can be measured more accurately than the phase. The problem to recover the shape of an obstacle from the amplitude of the far eld pattern for one incident plane wave su ers from an inherent ambiguity due to translation invariance of the amplitude of the far eld pattern (see 11]). Therefore, from the amplitude of the far eld pattern for one incident plane wave we cannot recover the location of the obstacle. 3. The inverse obstacle scattering problem with modi ed far eld data
In this nal section we consider reconstructions from backscattering data or multiple frequency data. We write u 1 = u 1 (x; d) to indicate the dependence of the far eld pattern on the observation directionx and the incident direction d. In the rst problem we try to recover the obstacle from a knowledge of the far eld pattern u 1 (?d; d) for all incident directions d 2 , i.e., from backscattering. To our knowledge nothing is known on uniqueness for the inverse obstacle scattering problem for time-harmonic waves with backscattering data. Establishing uniqueness in this case is more involved, since as opposed to the inverse problem with one incident eld in the backscattering case the information has to be retrieved from the far eld patterns for all incident directions using only one observation direction for each of the far elds. In terms of operators we have to invert F back : C 2 + 0; 2 ] ! L 2 ( ) given by F back (r) := u 1 (?d; d); d 2 : Of course, this operator is related to the operator F from Section 1. In particular, its Fr echet derivative can be described analogously to Theorem 2. Kress and Rundell 12] have obtained a result on the injectivity of the derivative for the case when D is a disk. In the second problem we consider a set of incident waves all from a xed direction, but with frequencies, i.e., wave numbers varying over an interval of k values. The data consists of values of the far eld pattern at a nite number of directions for each value of k. Again, there is no uniqueness known for this inverse problem. The classical uniqueness result due to Schi er for an interval of wave numbers requires the knowledge of the far eld pattern for all observation directions and one incident direction (see 13] ). Here we have to invert the operator F frequency : C 2 + 0; 2 ] ! L 2 k 1 ; k 2 ] given by F frequency (r) := u 1 (x; d); k 2 k 1 ; k 2 ]; where k 1 ; k 2 ] describes the interval of wave numbers,x is a xed observation direction, and d is a xed incident direction. Again the Fr echet derivative can be described analogously to Theorem 2. In the case of a disk, Kress and Rundell 12] have shown that for observations from one direction only the derivative is not injective whereas for two di erent observation directions an injectivity result can be established. Motivated by these preliminary local injectivity results for the case of a disk, both for back scattering data and multiple frequency data (for two observation directions), in 12] some numerical examples were carried out exhibiting satisfactory reconstructions also for noncircular boundary curves. In conclusion we may say that, on one hand, based on the corresponding forms of Theorem 2 for the inverse scattering problem with modi ed far eld data satisfactory reconstruction have been numerically observed. However, on the other hand, uniqueness for the full nonlinear problems (corresponding to Theorem 1) and uniqueness for the linearized problems (corresponding to Theorem 2) remain open.
